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� 1. Ââåäåíèå è îñíîâíûå ðåçóëüòàòû

�àññìîòðèì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ

−div(|∇u|p(|x|)−2∇u) = F (x, u,∇u) â BR ⊂ R
n, (1.1)

u = 0 íà ∂BR, (1.2)

ãäå BR � øàð ðàäèóñà R, ∂BR � ãðàíèöà BR, 1 < p(|x|) < 2. Íàëè÷èå â
óðàâíåíèè ãðàäèåíòíûõ ÷ëåíîâ ñóùåñòâåííî îñëîæíÿåò ïðèìåíåíèå âàðè-

àöèîííûõ ìåòîäîâ èññëåäîâàíèÿ ðàçðåøèìîñòè çàäà÷è (1.1), (1.2). Îòìå-

òèì òàêæå, ÷òî óðàâíåíèÿ âèäà (1.1) îáëàäàþò âàæíûì ñâîéñòâîì: îíè íå
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ÿâëÿþòñÿ ìàñøòàáíî-èíâàðèàíòíûìè, ÷òî äåëàåò íåïðèìåíèìûìè ìíîãèå

òðàäèöèîííûå ìåòîäû èññëåäîâàíèÿ ðàçðåøèìîñòè è àíàëèçà êà÷åñòâåí-

íûõ ñâîéñòâ ðåøåíèé.

Íàñ èíòåðåñóþò ðàäèàëüíî ñèììåòðè÷íûå ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ

(1.1), êîãäà �óíêöèÿ F (x, u, q) ÿâëÿåòñÿ íåëèíåéíîé êàê ïî u, òàê è ïî q,

ïðè÷åì íåëèíåéíîñòü ïî u òàêîâà, ÷òî (1.1) íå óäîâëåòâîðÿåò ïðèíöèïó

ìàêñèìóìà äëÿ ãëàäêèõ �óíêöèé. Â ñâÿçè ñ ýòèì, ìû îãðàíè÷èìñÿ ññûë-

êàìè íà òå ðàáîòû, â êîòîðûõ òàêèå èññëåäîâàíèÿ ïðîâîäèëèñü. Åñëè ãî-

âîðèòü î ðàáîòàõ, â êîòîðûõ ïðèñóòñòâóþò ãðàäèåíòíûå ÷ëåíû, òî ìîæíî

îòìåòèòü [1℄, [2℄, ãäå ñ ïîìîùüþ àïïðîêñèìàöèîííûõ ìåòîäîâ äîêàçûâàåòñÿ

ñóùåñòâîâàíèå ñëàáûõ ðåøåíèé êðàåâûõ çàäà÷ äëÿ (1.1) ïðè ïîñòîÿííîì p.

Òàêæå ïðè ïîñòîÿííîì p, â ðàáîòàõ [3℄�[7℄ ñ ïîìîùüþ ðàçëè÷íûõ òîïîëîãè-

÷åñêèõ ìåòîäîâ, îñíîâàííûõ íà òåîðåìàõ ëèóâèëëåâñêîãî òèïà, íà ìåòîäå

ñóá-/ñóïåððåøåíèé ñ ïîñëåäóþùèì ïðèìåíåíèåì òåîðåìû Êðàñíîñåëüñêî-

ãî, äîêàçàíû àíàëîãè÷íûå ðåçóëüòàòû. ×òî êàñàåòñÿ ðàáîò, â êîòîðûõ èñ-

ñëåäîâàëèñü ðàäèàëüíî ñèììåòðè÷íûå ðåøåíèÿ ïðè p = p(|x|), îòìåòèì
ðàáîòû [8℄, [9℄, â êîòîðûõ ñ ïîìîùüþ ìåòîäîâ âàðèàöèîííîãî èñ÷èñëåíèÿ

áûëî äîêàçàíî ñóùåñòâîâàíèå ñëàáûõ ñîáîëåâñêèõ ðàäèàëüíî ñèììåòðè÷-

íûõ ðåøåíèé. Â [10℄ ðàññìàòðèâàëàñü çàäà÷à ñ p = p(|x|) è ãðàäèåíòíûìè

÷ëåíàìè, â êîòîðîé áûëî äîêàçàíî ñóùåñòâîâàíèå ðàçðóøàþùèõñÿ íà ãðà-

íèöå ðàäèàëüíî ñèììåòðè÷íûõ ðåøåíèé.

Âî âñåõ âûøåïåðå÷èñëåííûõ ðàáîòàõ �óíêöèÿ F (x, u, q) óäîâëåòâîðÿåò
óñëîâèþ Áåðíøòåéíà�Íàãóìî

|F (x, u, q)| ≤ c
(
1 + |q|p(x)

)
äëÿ (x, u, q) ∈ Ω× [−M,M ] × R

n, (1.3)

ñ íåêîòîðîé ïîñòîÿííîé c, ïðè óñëîâèè, ÷òî ðåøåíèå óäîâëåòâîðÿåò óñëî-

âèþmax |u| ≤ M ñ íåêîòîðîé ïîñòîÿííîéM .Íàñ èíòåðåñóåò ðàçðåøèìîñòü

êðàåâûõ äëÿ çàäà÷ äëÿ (1.1) â ñëó÷àå, êîãäà �óíêöèÿ F (x, u, q) èìååò ïðî-
èçâîëüíûé ðîñò ïî ïåðåìåííîé q. Â ñâÿçè ñ ýòèì îòìåòèì ðåçóëüòàòû ñòà-

òüè [11℄ äëÿ ïîñòîÿííîãî p, ãäå ñ ïîìîùüþ ìåòîäà ñóá-/ñóïåððåøåíèé áûëè

ïîëó÷åíû ðåçóëüòàòû î ñóùåñòâîâàíèè ðåøåíèÿ ïðè íàðóøåíèè óñëîâèÿ

(1.3), ïðè îïðåäåëåííûõ óñëîâèÿõ ìàëîñòè íà êîý��èöèåíòû óðàâíåíèÿ.

Íåëèíåéíîñòü ïî ãðàäèåíòó ïðåäïîëàãàåòñÿ íå áîëåå ÷åì ïîëèíîìèàëüíàÿ.

Â [12℄, [13℄ áûëî äîêàçàíî ñóùåñòâîâàíèå ðàäèàëüíî ñèììåòðè÷íûõ ðå-

øåíèé çàäà÷è Äèðèõëå äëÿ (1.1) áåç êàêèõ-ëèáî óñëîâèé ìàëîñòè, êîãäà

ïîêàçàòåëü p ïîñòîÿíåí è óñëîâèå (1.3) íå èìååò ìåñòà. Íîâèçíà ðåçóëüòà-

òîâ äàííîé ðàáîòû çàêëþ÷àåòñÿ â ïîëó÷åíèè àíàëîãè÷íûõ ðåçóëüòàòîâ â

ñëó÷àå, êîãäà ïîêàçàòåëü 1 < p < 2 çàâèñèò îò |x|. Îòìåòèì òàêæå, ÷òî

íàøè ðåçóëüòàòû î ðàçðåøèìîñòè äîïóñêàþò ïðîèçâîëüíóþ íåëèíåéíîñòü

F ïî q, â òîì ÷èñëå è ýêñïîíåíöèàëüíóþ.

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 2, C. 93-112

Mat. Trudy, 2026, V. 29, N. 2, P. 93-112



96 Î ðàäèàëüíî ñèììåòðè÷íûõ ðåøåíèÿõ

Èòàê, íàñ èíòåðåñóåò ñóùåñòâîâàíèå îãðàíè÷åííûõ ðàäèàëüíî ñèììåò-

ðè÷íûõ ðåøåíèé çàäà÷è (1.1), (1.2). Áóäåì ïðåäïîëàãàòü, ÷òî �óíêöèÿ

F (x, u,∇u) ìîæåò áûòü ïðåäñòàâëåíà â âèäå F (r, u, ur) ïðè çàìåíå ïåðå-

ìåííûõ r = |x|. Ïðèìåðàìè òàêèõ �óíêöèé ÿâëÿþòñÿ, íàïðèìåð, �óíêöèè
âèäà

F (|x|, u, |∇u|), F (|x|, u, x · ∇u),

ãäå x·∇u =
n∑

i=1

xiuxi
. Â äàëüíåéøåì ïðîèçâîäíóþ �óíêöèè u ïî ïåðåìåííîé

r ìû áóäåì îáîçíà÷àòü u′
. Õîðîøî èçâåñòíî, ÷òî îãðàíè÷åííîå ðàäèàëüíî

ñèììåòðè÷íîå ðåøåíèå (1.1), (1.2) óäîâëåòâîðÿåò óðàâíåíèþ

−(|u′|p(r)−2u′)′ −
n− 1

r
|u′|p(r)−2u′ = F (r, u, u′), r ∈ (0, R), (1.4)

è êðàåâûì óñëîâèÿì

u′(0) = 0, u(R) = 0. (1.5)

Â ñèëó ñèíãóëÿðíîñòè óðàâíåíèÿ (1.4), åãî ðåøåíèÿ ìîãóò íå ïðèíàäëå-

æàòü ïðîñòðàíñòâó äâàæäû íåïðåðûâíî äè��åðåíöèðóåìûõ �óíêöèé. Â

ñâÿçè ñ ýòèì äàäèì îïðåäåëåíèå òîãî, ÷òî ìû ïîíèìàåì ïîä ðåøåíèåì

çàäà÷è (1.4), (1.5).

Îïðåäåëåíèå 1.1. Áóäåì ãîâîðèòü, ÷òî �óíêöèÿ u(r) ÿâëÿåòñÿ ñëàáûì
ðåøåíèåì çàäà÷è (1.4), (1.5), åñëè u(r) ∈ C1,1(0, R)∩C1[0, R), óäîâëåòâîðÿåò
(1.5), è èìååò ìåñòî èíòåãðàëüíîå òîæäåñòâî

∫ R

0

|u′(r)|p(r)−2u′(r)φ′(r)dr =

∫ R

0

n− 1

r
|u′(r)|p(r)−2u′(r)φ(r)dr +

∫ R

0

F (r, u(r), u′(r))φ(r)dr,

∀φ(r) ∈ C
∞
0 (0, R).

Â ñèëó óêàçàííîé â îïðåäåëåíèè ãëàäêîñòè èñêîìîãî ðåøåíèÿ, êðàåâûå

óñëîâèÿ (1.5) ïîíèìàþòñÿ â îáû÷íîì ñìûñëå.

Äëÿ ïðîñòîòû èçëîæåíèÿ, îãðàíè÷èìñÿ ñëó÷àåì, êîãäà F èìååò âèä

F (r, u, u′) = u|u|m−1 + g(r, u, u′) + f(r), g(r, u, 0) = 0, m > 0, (1.6)

à f íå îáðàùàåòñÿ òîæäåñòâåííî â íîëü.

Áóäåì ñ÷èòàòü, ÷òî p(r) ∈ C2(0, R) ∩ C1[0, R] è ïðèíèìàåò ñëåäóþùèå

çíà÷åíèÿ

1 + δ1 ≤ p(r) ≤ 2− δ2, r ∈ [0, R], (1.7)

ãäå δi, i = 1, 2 � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå, óäîâëåòâîðÿþùèå
δ1 + δ2 ≤ 1. Ââåäåì ïîñòîÿííóþ α ñëåäóþùèì îáðàçîì. Áóäåì ãîâîðèòü,
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÷òî α ∈ A, åñëè 1− δ2 < α è âûïîëíåíî (u′α)
p(r)−2

α = |u′|p(r)−2
. Â êà÷åñòâå α

ìîæíî âçÿòü α = l
k
> 1−δ2, ãäå l � ÷åòíîå ÷èñëî, k � öåëîå ïîëîæèòåëüíîå

÷èñëî. Ýòà ïîñòîÿííàÿ áóäåò èñïîëüçîâàíà êàê ïàðàìåòð ðåãóëÿðèçàöèè

èñõîäíîé çàäà÷è. Îïðåäåëèì ñëåäóþùåå ìíîæåñòâî V =

{
M > 0

∣∣∣
(
M

R

)p(r)−1(
n− 1

r
− |p′(r)| ln

(
M

R

))
> ±F± +Mm, ∀r ∈ (0, R)

}
,

(1.8)

ãäå

F+ = max
[0,R]×[0,M ]

(
f(r) + g

(
r, u,−

M

R

))
,

F− = min
[0,R]×[0,M ]

(
f(r) + g

(
r, u,

M

R

))
.

Ïîëîæèì

M0 = inf
M∈V

V, f0 = max
r∈[0,R]

|f(r)|. (1.9)

Ââåäåì ïîñòîÿííóþ C, óäîâëåòâîðÿþùóþ íåðàâåíñòâó

C > max
r∈[0,R]

{
1,

(
Mm + f0

(p(r)− 1)(1 + R)p(r)−2

) 1
p(r)−1

,
2M

R(R + 2)

}
. (1.10)

Ïðåäïîëîæèì, ÷òî g(r, u, u′) óäîâëåòâîðÿåò óñëîâèÿì

|g(r, u, q)− g(s, u, q)| ≤ K(r, s, u, q)(r− s) (1.11)

äëÿ r, s ∈ (0, R), 0 < r − s, |u| ≤ M , q ∈ [−(1 +R)C,C] ∪ [C, (1 +R)C], ãäå
K ≥ 0,

g(r, u2, q)− g(r, u1, q) ≥ γ(r, u1, u2, q)(u1 − u2) (1.12)

äëÿ r ∈ (0, R), |u1|, |u2| ≤ M , u1 > u2, q ∈ [−(1 + R)C,C] ∪ [C, (1 + R)C],
ãäå γ(r, u1, u2, q) ≥ 0. Îáîçíà÷èì ÷åðåç W ñëåäóþùåå ìíîæåñòâî

W = {(r, s) ∈ (0, R), 0 < r − s, (r, s) ∈ (0, R), 0 < r − s,

|u1|, |u2| ≤ M,u1 − u2 ≥ C

(
1 +R −

1

2
(r − s)

)
(r − s)}.

Ïðåäïîëîæèì, ÷òî äëÿ ëþáûõ (r, s, u1, u2) ∈ W âûïîëíåíî

K(r, s, u1,±C [(1 +R)− (r − s)])−

γ(r, u1, u2,±C [(1 +R)− (r − s)])C

(
1 +R−

1

2
(r − s)

)
≤ 0. (1.13)
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ïðè s > r, q > 0, u1 > u2. Ïðåäïîëîæèì, ÷òî g è f óäîâëåòâîðÿþò óñëîâèþ

V 6= ∅. (1.14)

Òåîðåìà 1.2. Ïðåäïîëîæèì, ÷òî p(r) ∈ C2(0, R)∩C1[0, R] óäîâëåòâîðÿåò
(1.7), p′(r) ≤ 0, p′′(r) ≤ 0, à F (r, u, u′) èç (1.6), íåïðåðûâíà ïî ñîâîêóïíîñòè
ñâîèõ àðãóìåíòîâ è óäîâëåòâîðÿåò (1.11)− (1.14). Òîãäà ñóùåñòâóåò ñëàáîå
ðåøåíèå çàäà÷è (1.4), (1.5), óäîâëåòâîðÿþùåå íåðàâåíñòâó

|u(r)| ≤ M0, |u′(r)| ≤ C, r ∈ [0, R].

ãäå M0 èç (1.9), C èç (1.10).
Ñäåëàåì íåñêîëüêî çàìå÷àíèé êàñàåìî âûïîëíèìîñòè óñëîâèé (1.11)�

(1.13) è (1.14). Çàìåòèì, ÷òî (1.8) ïðåäñòàâëÿåò èç ñåáÿ óñëîâèÿ ìàëîñòè íà
âõîäíûå ïàðàìåòðû çàäà÷è. Ëåãêî âèäåòü, ÷òî ìíîæåñòâî V íå ïóñòî ïðè

ëþáûõ F± è m > 0, ïðè äîñòàòî÷íî ìàëûõ R, ò.å ïðè äîñòàòî÷íî ìàëûõ

ðàçìåðàõ îáëàñòè.

�àññìîòðèì òåïåðü ñèòóàöèþ ñ �èêñèðîâàííûìè ðàçìåðàìè îáëàñòè.

Èç (1.10) ñëåäóåò, ÷òî ïîñòîÿííàÿ C ìîæåò áûòü âûáðàíà ñêîëü óãîäíî

áîëüøîé. Òàêèì îáðàçîì, íàïðèìåð, �óíêöèÿ g = ru′2k+1 − u|u′|ν óäîâëå-
òâîðÿåò (1.11)�(1.13) ïðè 2k ≤ ν, ãäå k � íåîòðèöàòåëüíîå öåëîå ÷èñëî (ñì.

[13℄). Â òî æå âðåìÿ äëÿ óêàçàííîé g, èìååò ìåñòî íåðàâåíñòâî

|F±| ≤ f0.

Äëÿ òîãî, ÷òîáû (1.14) èìåëî ìåñòî äîñòàòî÷íî ïîòðåáîâàòü âûïîëíåíèÿ

íåðàâåíñòâà

(
M

R

)p(r)−1 (
n− 1

R
− p0 ln

(
M

R

))
> f0+Mm, ∀r ∈ (0, R), p0 = max |p′(r)|.

(1.15)

Ïîëîæèì M ≤ min{1, R}. Ëåãêî âèäåòü, ÷òî äëÿ òàêèõ çíà÷åíèé M è

ïðîèçâîëüíûõ p0, m > 0, âñåãäà ñóùåñòâóåò f0 > 0 òàêîå, ÷òî (1.15) èìååò
ìåñòî. Òàêèì îáðàçîì, ìû ïîëó÷àåì óñëîâèå ìàëîñòè íà maxr∈[0,R] |f(r)|.

Äëÿ äîêàçàòåëüñòâà òåîðåìû 1.2, ìû ðåãóëÿðèçóåì óðàâíåíèå (1.4) è

äîêàçûâàåì êëàññè÷åñêóþ ðàçðåøèìîñòü ðåãóëÿðèçîâàííîé çàäà÷è, îñíî-

âûâàÿñü íà òåõíèêå, ðàçðàáîòàííîé â [12℄, [13℄, è èñïîëüçóÿ ïðèíöèï íåïî-

äâèæíîé òî÷êè. Äàëåå, ìû èñïîëüçóåì ïðîöåäóðó ïðåäåëüíîãî ïåðåõîäà

äëÿ ïîëó÷åíèÿ ñëàáîãî ðåøåíèÿ çàäà÷è (1.4), (1.5). �ëàâíûì îòëè÷èåì íà-

ñòîÿùåé ñòàòüè ÿâëÿåòñÿ ðàññìîòðåíèå ñèíãóëÿðíîãî ñëó÷àÿ äëÿ ïåðåìåí-

íîãî ïîêàçàòåëÿ p = p(|x|).
Ñòàòüÿ îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â ïàðàãðà�å 2 ìû ïîëó÷à-

åì àïðèîðíóþ îöåíêó êëàññè÷åñêîãî ðåøåíèÿ ðåãóëÿðèçîâàííîé çàäà÷è.
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Ïàðàãðà� 3 ïîñâÿùåí ïîëó÷åíèþ àïðèîðíîé îöåíêè ïðîèçâîäíîé êëàñ-

ñè÷åñêîãî ðåøåíèÿ ðåãóëÿðèçîâàííîé çàäà÷è. Â ïàðàãðà�å 4 ïðèâîäèòñÿ

äîêàçàòåëüñòâî îäíîé âñïîìîãàòåëüíîé ëåììû (ëåììà 4.1), íà êîòîðîé áà-

çèðóåòñÿ äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ ðåãóëÿðè-

çîâàííîé çàäà÷è (ñì. òåîðåìó 4.2), à òàêæå äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ

ñëàáîãî, â ñìûñëå îïðåäåëåíèÿ 1.1, ðåøåíèÿ çàäà÷è (1.4), (1.5) (ñì. òåîðåìó

1.2).

� 2. Àïðèîðíàÿ îöåíêà ðåøåíèÿ ðåãóëÿðèçîâàííîé

çàäà÷è

Äëÿ ïðîèçâîëüíîé ïîñòîÿííîé M ∈ V ââåäåì ñëåäóþùèå äâå ñðåçêè

UM(z) =





Mm, z > M,

z|z|m−1, |z| ≤ M,

−Mm, z < −M,

gM(r, z, p) =





g(r,M, p), z > M,

g(r, z, p), |z| ≤ M,

g(r,−M, p), z < −M.

Âìåñòî óðàâíåíèÿ (1.4) áóäåì ðàññìàòðèâàòü ñëåäóþùóþ åãî ðåãóëÿðèçà-

öèþ

−((u′α+ε)
p(r)−2

α u′)′−
n − 1

r
(u′α+ε)

p(r)−2
α u′ = UM (u)+gM(r, u, u′)+f(r), (2.1)

ãäå ïîñòîÿííàÿ α ∈ A. Ïåðåïèøåì óðàâíåíèå (2.1) â íåäèâåðãåíòíîì âèäå

−aε(r, u
′)u′′ −

n− 1

r
(u′α + ε)

p(r)−2
α u′ − bε(r, u

′) = UM(u) + gM(r, u, u′) + f(r),

(2.2)

ãäå aε(r, z) = (zα + ε)
p(r)−2

α
−1((p(r) − 1)zα + ε), bε(r, z) = 1

α
p′(r)z(zα +

ε)
p(r)−2

α ln(zα + ε). Î÷åâèäíî, aε(r, z) = aε(r,−z).
Áóäåì èññëåäîâàòü ñóùåñòâîâàíèå êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (2.2),

(1.5). Äëÿ ýòîãî äàäèì îïðåäåëåíèå ýòîãî ïîíÿòèÿ.

Îïðåäåëåíèå 2.1. Ôóíêöèþ u(r) ∈ C2(0, R)∩C1([0, R)), óäîâëåòâîðÿ-
þùóþ óðàâíåíèþ (2.2) â êàæäîé òî÷êå èíòåðâàëà (0, R), à òàêæå êðàåâûì
óñëîâèÿì (1.5), ïîíèìàåìûì â îáû÷íîì ñìûñëå, áóäåì íàçûâàòü êëàññè-

÷åñêèì ðåøåíèåì çàäà÷è (2.2), (1.5).
Íàøà öåëü â ýòîì ïàðàãðà�å ïîëó÷èòü àïðèîðíóþ îöåíêó ðåøåíèÿ çà-

äà÷è (2.2), (1.5), íå çàâèñÿùóþ îò ïàðàìåòðà ðåãóëÿðèçàöèè. Ââåäåì �óíê-

öèþ H(r) = M∗(R− r), M∗ =
M
R
, M ∈ V.

Ëåììà 2.1. Ïóñòü F îïðåäåëåíà íà ìíîæåñòâå ([0, R]×R×R), p(r) ∈
C1[0, R], p′(r) ≤ 0, r ∈ (0, R), âûïîëíåíû óñëîâèÿ (1.7), (1.14) è ε < ε0 =
(α−1+δ2)M

α
∗ . Òîãäà äëÿ ëþáîãî êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (2.2), (1.5)

èìååò ìåñòî ñëåäóþùàÿ îöåíêà

|u(r)| ≤ M0, r ∈ [0, R].
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Äîêàçàòåëüñòâî. Îïðåäåëèì ëèíåéíûé îïåðàòîð

Lz ≡ −aε(r, u
′)z′′.

Ââåäåì �óíêöèþ v(r) = u(r)−H(r). �àññìîòðèì ðàçíîñòü

Lu− LH = Lv = −aε(r, u
′)v′′ =

=
n− 1

r
(u′α + ε)

p(r)−2
α u′ + bε(r, u

′) + UM (u) + gM(r, u, u′) + f(r). (2.3)

Ïóñòü â òî÷êå r = r0 ∈ (0, R) �óíêöèÿ v(r) äîñòèãàåò ïîëîæèòåëüíîãî

ìàêñèìóìà, òîãäà

Lv|r=r0
= −aε(r, u

′)v′′|r=r0
≥ 0.

Ñ äðóãîé ñòîðîíû, â òî÷êå r0 èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ u(r0) >
H(r0) > 0, v′(r0) = u′(r0)−H ′(r0) = 0, u′(r0) = −M∗.

Òàêèì îáðàçîì, èç (2.3) ïîëó÷àåì

Lv|r=r0 =

=

[
n− 1

r
(u′α + ε)

p(r)−2
α u′ + bε(r, u

′) + UM(u) + gM(r, u, u′) + f(r)

] ∣∣∣
r=r0

=

−
n− 1

r0
(Mα

∗ + ε)
p(r0)−2

α M∗ +
1

α
|p′(r0)|M∗(M

α
∗ + ε)

p(r0)−2
α ln(Mα

∗ + ε)+

[UM(u) + gM(r, u, u′) + f(r)]
∣∣∣
r=r0

. (2.4)

Èñïîëüçóÿ íåðàâåíñòâî äëÿ ε, ñ�îðìóëèðîâàííîå â ëåììå 2.1, óñëîâèå (1.7)

è òîò �àêò, ÷òî p(r0) < 2, α+ δ2 > 1, ïîëó÷àåì

n− 1

r0
(Mα

∗ + ε)
p(r0)−2

α M∗ >
n− 1

r0
(α + δ2)

p(r0)−2
α Mp(r0)−1

∗ ≥

>
n− 1

r0
(α + δ2)

δ1−1
α Mp(r0)−1

∗ . (2.5)

Áîëåå òîãî, ëåãêî âèäåòü, ÷òî èç p(r0) < 2 è óñëîâèÿ íà ε ñëåäóåò

1

α
|p′(r0)|M∗(M

α
∗ + ε)

p(r0)−2
α ln(Mα

∗ + ε) ≤
1

α
|p′(r0)|M

p(r0)−1
∗ ln(Mα

∗ (α + δ2)).

(2.6)

Èç (2.4)− (2.6) âûòåêàåò, ÷òî

Lv|r=r0 < −
n− 1

r0
(α + δ2))

δ1−1
α Mp(r0)−1

∗ +
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1

α
|p′(r0)|M

p(r0)−1
∗ ln(Mα

∗ (α + δ2)) +Mm + F+. (2.7)

�àññìîòðèì �óíêöèþ

A(α) =
n− 1

r0
(α + δ2))

δ1−1
α Mp(r0)−1

∗ −
1

α
|p′(r0)|M

p(r0)−1
∗ ln(Mα

∗ (α + δ2)).

Íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè ìîæíî ïîêàçàòü, ÷òî ïðè α = 1 − δ2
�óíêöèÿ A(α) äîñòèãàåò ìàêñèìóìà

max
α≥1−δ2

A = A(1− δ2) =
n− 1

r0
Mp(r0)−1

∗ − |p′(r0)|M
p(r0)−1
∗ ln M∗.

Òàêèì îáðàçîì, åñëè âûïîëíåíî (1.8), òî òîãäà ñóùåñòâóåò α∗ ∈ A òàêîå,

÷òî A(α∗) < A(1− δ2) è

Mm + F+ < A(α∗) < A(1− δ2).

Òîãäà èç (2.7) íåìåäëåííî ñëåäóåò Lv|r=r0 < 0, ÷òî ïðîòèâîðå÷èò òîìó, ÷òî
â r = r0 ∈ (0, R) �óíêöèÿ v(r) äîñòèãàåò ïîëîæèòåëüíîãî ìàêñèìóìà.

Ïåðåõîäèì ê èññëåäîâàíèþ ïîâåäåíèÿ v(r) íà ãðàíèöå. Â òî÷êå r = 0
èìååì v′(0) = u′(0) − H ′(0) = M∗ > 0, çíà÷èò r = 0 íå ÿâëÿåòñÿ òî÷êîé

ïîëîæèòåëüíîãî ìàêñèìóìà �óíêöèè v. Åñëè æå òåïåðü r = R òî v(r) =
u(R)−H(R) = 0. Ñëåäîâàòåëüíî,

u(r) ≤ H(r). (2.8)

Ïîëó÷èì òåïåðü îöåíêó íà �óíêöèþ u ñíèçó, äëÿ ýòîãî ðàññìîòðèì

�óíêöèþ w = u(r) + H(r). Ïóñòü â òî÷êå r = r1 ∈ (0, R) �óíêöèÿ w

äîñòèãàåò îòðèöàòåëüíîãî ìèíèìóìà, òîãäà

Lw
∣∣∣
r=r0

= −aε(ur)wrr

∣∣∣
r=r0

≤ 0. (2.9)

Ñ äðóãîé ñòîðîíû, â òî÷êå r1 èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ

w(r1) = u(r1) +H(r1) < 0, w′(r1) = u′(r1) +H ′(r1) = 0, u′(r1) = M∗.

Ïî àíàëîãèè ñ (2.3), (2.4), ïîëó÷èì

Lw
∣∣∣
r=r1

=

=

[
n− 1

r
(u′α + ε)

p(r)−2
α u′ + bε(r, u

′) + u|u|m−1 + g(r, u, u′) + f(r)

] ∣∣∣
r=r1

=
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n− 1

r1
(Mα

∗ + ε)
p(r1)−2

α M∗ −
1

α
|p′(r1)|M∗(M

α
∗ + ε)

p(r1)−2
α ln(Mα

∗ + ε)+

[
u|u|m−1 + g(r, u,M∗) + f(r)

] ∣∣∣
r=r1

≥

n− 1

r1
(α+ δ2))

δ1−1
α Mp(r1)−1

∗ −
1

α
|p′(r1)|M

p(r1)−1
∗ ln(Mα

∗ (α + δ2))−Mm + F−

(2.10)

Òàêèì îáðàçîì, åñëè âûïîëíåíî (1.8), òî òîãäà ñóùåñòâóåò α∗ ∈ A òàêîå,

÷òî A(α∗) < A(1− δ2) è

Mm − F− < A(α∗) < A(1− δ2).

Òîãäà èç (2.10) íåìåäëåííî ñëåäóåò Lw|r=r1 > 0, ÷òî ïðîòèâîðå÷èò (2.9) è
îçíà÷àåò, ÷òî â r = r1 �óíêöèÿ w(r) íå ìîæåò äîñòèãàòü îòðèöàòåëüíîãî

ìèíèìóìà.

Ïåðåõîäèì ê èññëåäîâàíèþ ïîâåäåíèÿ w(r) íà ãðàíèöå. Â òî÷êå r = 0
èìååì w′(0) = u′(0) +H ′(0) = −M∗ < 0, çíà÷èò r = 0 íå ÿâëÿåòñÿ òî÷êîé

îòðèöàòåëüíîãî ìèíèìóìà �óíêöèè w. Åñëè æå òåïåðü r = R òî v(r) =
u(R) +H(R) = 0. Ñëåäîâàòåëüíî,

u(r) ≥ −H(r). (2.11)

Òàêèì îáðàçîì, èç (2.8), (2.11) âûòåêàåò, ÷òî

|u(r)| ≤ H(r) ≤ H(0) = M ∀r ∈ [0, R].

Ó÷èòûâàÿ (1.9), ïîëó÷àåì èñêîìóþ îöåíêó |u(r)| ≤ M0.

�

� 3. Àïðèîðíàÿ îöåíêà ïðîèçâîäíîé ðåøåíèÿ

ðåãóëÿðèçîâàííîé çàäà÷è

Ïåðåéäåì ê îöåíêå ïðîèçâîäíîé êëàññè÷åñêîãî ðåøåíèÿ ðåãóëÿðèçî-

âàííîé çàäà÷è. Ïðåæäå âñåãî îòìåòèì , ÷òî ó÷èòûâàÿ àïðèîðóþ îöåíêó

ðåøåíèÿ, ïîëó÷åííóþ â ïðåäûäóùåì ïàðàãðà�å, à òàêæå âèä ñðåçîê UM

è gM , óðàâíåíèå (2.2) ìîæíî çàïèñàòü â âèäå

−aε(r, u
′)u′′ −

n− 1

r
(u′α + ε)

p(r)−2
α u′ − bε(r, u

′) = u|u|m−1 + g(r, u, u′) + f(r).

(3.1)

Ââåäåì �óíêöèþ

Φ(τ) = −C
τ 2

2
+ (1 +R)Cτ,
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ãäå τ ∈ [0.R], C îïðåäåëÿåòñÿ èç (1.10).

Ëåììà 3.1. Ïóñòü âûïîëíåíû óñëîâèÿ Ëåììû 2.1. Áîëåå òîãî, ïóñòü

p(r) ∈ C2(0, R) ∩ C1[0, R], p′′(r) ≤ 0 ïðè r ∈ (0, R) è âûïîëíåíû óñëîâèÿ

(1.11)−(1.13). Òîãäà äëÿ ëþáîãî êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (3.1), (1.5)
âûïîëíåíà ñëåäóþùàÿ îöåíêà

|u′(r)| ≤ Φ′(0), r ∈ [0, R].

Äîêàçàòåëüñòâî. Çàïèøåì óðàâíåíèå (3.1) â äâóõ ðàçëè÷íûõ òî÷êàõ

r = x è r = y

−aε(x, ux(x))uxx(x)−
n− 1

x
(uα

x(x) + ε)
p(x)−2

α ux(x)− bε(x, u
′(x)) =

u(x)|u(x)|m−1 + g(x, u(x), u′(x)) + f(x), (3.2)

−aε(y, uy(y))uyy(y)−
n− 1

y
(uα

y (y) + ε)
p(y)−2

α uy(y)− bε(y, u
′(y)) =

u(y)|u(y)|m−1 + g(y, u(y), u′(y)) + f(y), (3.3)

ãäå x, y ∈ (0, R). Âû÷èòàÿ (3.3) èç (3.2), ïîëó÷àåì

−aε(x, ux(x))uxx(x) + aε(y, uy(y))uyy(y)− bε(x, u
′(x)) + bε(y, u

′(y))−

n− 1

x
(uα

x(x) + ε)
p(x)−2

α ux(x) +
n− 1

y
(uα

y (y) + ε)
p(y)−2

α uy(y) =

u(x)|u(x)|m−1−u(y)|u(y)|m−1+g(x, u(x), u′(x))−g(y, u(y), u′(y))+f(x)−f(y).
(3.4)

�àññìîòðèì �óíêöèþ V (x, y) = u(x) − u(y) ñ ó÷åòîì ñîîòíîøåíèÿ Vxx =
uxx Vyy = −uyy çàïèøåì (3.4) ñëåäóþùèì îáðàçîì

−aε(x, ux)Vxx − aε(y, uy)Vyy =

n− 1

x
(uα

x + ε)
p(x)−2

α ux −
n− 1

y
(uα

y + ε)
p(y)−2

α uy + bε(x, u
′(x))− bε(y, u

′(y))+

u(x)|u(x)|m−1−u(y)|u(y)|m−1+g(x, u(x), u′(x))−g(y, u(y), u′(y))+f(x)−f(y).

Îïðåäåëèì ëèíåéíûé îïåðàòîð

L̃z ≡ −aε(x, ux)zxx − aε(y, uy)zyy.

�óíêöèÿ Φ(x− y) óäîâëåòâîðÿåò

L̃Φ = −aε(x, ux)Φxx − aε(y, uy)Φyy = (aε(x, ux) + aε(y, uy))C1.
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Ïîëîæèì

W (x, y) = V (x, y)− Φ(x− y).

Òîãäà

L̃W = −aε(x, ux)Wxx − aε(y, uy)Wyy = L̃V − L̃Φ =

n− 1

x
(uα

x + ε)
p(x)−2

α ux −
n− 1

y
(uα

y + ε)
p(y)−2

α uy + bε(x, u
′(x))− bε(y, u

′(y))+

u(x)|u(x)|m−1−u(y)|u(y)|m−1+g(x, u(x), u′(x))−g(y, u(y), u′(y))+f(x)−f(y)−

(aε(x, ux) + aε(y, uy))C1. (3.5)

�àññìîòðèì (3.5) â îáëàñòè P = {(x, y) : x ∈ (0, R), y ∈ (0, R), x > y}.
Ïðåäïîëîæèì, ÷òî â íåêîòîðîé òî÷êåQ0 = (x0, y0) ∈ P �óíêöèÿW (x, y)

äîñòèãàåò ïîëîæèòåëüíîãî ìàêñèìóìà. ÒîãäàWxx(x0, y0) ≤ 0,Wyy(x0, y0) ≤
0 è, êàê ñëåäñòâèå,

L̃W
∣∣∣
Q0

≥ 0. (3.6)

Â òî æå âðåìÿ â òî÷êå Q0 èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ

Wx(x0, y0) = Wy(x0, y0) = 0, ux(x0) = uy(y0) = Φ′(x0−y0), u(x0) > u(y0).
(3.7)

Çàìåòèì, ÷òî èç p′ ≤ 0, ó÷èòûâàÿ (3.7), ñëåäóåò

[
n− 1

x
(uα

x + ε)
p(x)−2

α ux −
n− 1

y
(uα

y + ε)
p(y)−2

α uy

] ∣∣∣
Q0

< 0. (3.8)

Äàëåå, èç p′′ ≤ 0, ó÷èòûâàÿ (3.7), ñëåäóåò

[bε(x, u
′(x))− bε(y, u

′(y))]
∣∣∣
Q0

≤ 0. (3.9)

Íåòðóäíî ïîêàçàòü ïðÿìûì äè��åðåíöèðîâàíèåì, ÷òî �óíêöèÿ

aε(r,Φ
′) = ((Φ′)α + ε)

p(r)−2
α

−1((p(r)− 1)(Φ′)α + ε)

ÿâëÿåòñÿ âîçðàñòàþùåé ïî ïàðàìåòðó ε ïðè 1 < p < 2, åñëè ε < ε0 =
(α− 1 + δ2)M

α
∗ . Îòêóäà âûòåêàåò

aε(r,Φ
′) = ((Φ′)α+ε)

p(r)−2
α

−1((p(r)−1)(Φ′)α+ε) ≥ (p(r)−1)(Φ′)p(r)−2. (3.10)

Èç Φ′ ≤ (1+R)C âûòåêàåò (Φ′)p(r)−2 ≥ (1+R)p(r)−2Cp(r)−2
. Ñëåäîâàòåëüíî,

èç (3.10) èìååì

aε(r,Φ
′)C ≥ (p(r)− 1)(1 +R)p(r)−2Cp(r)−1. (3.11)
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Çàìåòèì, ÷òî aε(x0,Φ
′(x0 − y0)) ≤ aε(y0,Φ

′(x0 − y0)). Èç (1.10), (3.5), (3.8)�
(3.11) ñëåäóåò

L̃W
∣∣∣
Q0

≤ g(x0, u(x0),Φ
′(x0 − y0))− g(y0, u(y0),Φ

′(x0 − y0))+

2Mm + 2f0 − (aε(x0,Φ
′(x0 − y0) + aε(y0,Φ

′(x0 − y0))C ≤

g(x0, u(x0),Φ
′(x0 − y0))− g(y0, u(y0),Φ

′(x0 − y0))+

2Mm + 2f0 − 2(p(x0)− 1)(1 +R)p(x0)−2Cp(x0)−1 ≤

g(x0, u(x0),Φ
′(x0 − y0))− g(y0, u(y0),Φ

′(x0 − y0)). (3.12)

×òîáû ïîëó÷èòü ïðîòèâîðå÷èå ñ (3.6), ïîêàæåì, ÷òî

g(x0, u(x0),Φ
′(x0 − y0))− g(y0, u(y0),Φ

′(x0 − y0)) ≤ 0. (3.13)

Ïðåäñòàâèì (3.13) â ñëåäóþùåì âèäå

g(x0, u(x0),Φ
′(x0 − y0))− g(y0, u(y0),Φ

′(x0 − y0)) =

[g(x0, u(x0),Φ
′(x0 − y0)))− g(y0, u(x0),Φ

′(x0 − y0))]+

[g(y0, u(x0),Φ
′(x0 − y0))− g(y0, u(y0),Φ

′(x0 − y0))]. (3.14)

Èñïîëüçóÿ óñëîâèÿ (1.11), (1.12), èç (3.14) ïîëó÷èì

g(x0, u(x0),Φ
′(x0 − y0))− g(y0, u(y0),Φ

′(x0 − y0)) ≤
[
K
(
x0, y0, u(x0),Φ

′(x0 − y0))
)
(x0 − y0)−

γ
(
x0, u(x0), u(y0),Φ

′(x0 − y0)
)
(u(x0)− u(y0))

]
. (3.15)

Â òî÷êå ìàêñèìóìà

u(x0)− u(y0) > Φ(x0 − y0) = Φ(x0 − y0)− Φ(0) =

Φ′(ξ)(x0 − y0) = Φ′

(
x0 − y0

2

)
(x0 − y0). (3.16)

Ïîëîæèì, äëÿ óïðîùåíèÿ çàïèñè

K(x0, y0, u(x0),Φ
′(x0 − y0)) = K(·,Φ′(x0 − y0)),

γ(x0, u(x0), u(y0),Φ
′(x0 − y0)) = γ(·,Φ′(x0 − y0)).

Èñïîëüçóÿ (1.13), (3.16) è ðàâåíñòâî Φ′(τ) = −Cτ + (1+R)C, íåðàâåíñòâî
(3.15) ìîæíî ïåðåïèñàòü â âèäå

g(x0, u(x0),Φ
′(x0 − y0))− g(y0, u(y0),Φ

′(x0 − y0)) ≤
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[
K(·,Φ′(x0 − y0))− γ(·,Φ′(x0 − y0))Φ

′

(
x0 − y0

2

)]
(x0 − y0) =

[
K(·, C2 − C1(x0 − y0))− γ(·, C(1 +R − (x0 − y0))C

(
1 +R −

1

2
(x0 − y0)

)]

(x0 − y0) ≤ 0.

Òàêèì îáðàçîì, L̃W
∣∣∣
Q0

< 0 è, êàê ñëåäñòâèå, W íå ìîæåò äîñòèãàòü ïîëî-

æèòåëüíîãî ìàêñèìóìà âíóòðè P .

�àññìîòðèì W íà ãðàíèöå ∂P .

1. ïðè x = R, y ∈ [0, R] èìååì

W (x, y)
∣∣∣
x=R

= u(R)− u(y)− Φ(R − y) < −u(y)− Φ(R − y) ≤ 0.

Ýòî ñëåäóåò, èç òîãî, ÷òî Φ(R − y) ≥ H(y) ïðè C ≥ 2M
R(R+2)

.

2. Ïðè x = y èìååì

W (x, y)|x=y = u(x)− u(y)− Φ(x− y)|x=y = −Φ(0) = 0.

3. Ïðè y = 0, x ∈ [0, R]

Wy(x, y)
∣∣∣
y=0

= −uy(0) + Φ′(x) = Φ′(x) ≥ C > 0.

Ýòî îçíà÷àåò, ÷òî W íå ìîæåò äîñòèãàòü ïîëîæèòåëüíîãî ìàêñèìóìà íà

ýòîé ÷àñòè ãðàíèöû. Èòàê, ìû çàêëþ÷àåì ÷òî W (x, y) ≤ 0, îòêóäà ñëåäóåò

u(x)− u(y) ≤ Φ(x− y) â P. (3.17)

Îöåíèì ðàçíîñòü u(x)−u(y) ñíèçó. �àññìîòðèì �óíêöèþ W̃ = Ṽ (x, y)−
Φ(x− y) = u(y)− u(x)− Φ(x− y). Âû÷èòàÿ (3.2) èç (3.3), ïîëó÷àåì

−aε(y, uy)uyy + aε(x, ux)uxx =

−
n− 1

x
(uα

x + ε)
p(x)−2

α ux +
n− 1

y
(uα

y + ε)
p(y)−2

α uy − bε(x, u
′(x)) + bε(y, u

′(y)) +

−u(x)|u(x)|m−1+u(y)|u(y)|m−1−g(x, u(x), u′(x))+g(y, u(y), u′(y))−f(x)+f(y).

Ñ ó÷åòîì ñîîòíîøåíèé Ṽxx = −uxx, Ṽyy = uyy, ïîëó÷àåì

L̃Ṽ − L̃Φ = L̃W̃ =

−
n− 1

x
(uα

x + ε)
p(x)−2

α ux +
n− 1

y
(uα

y + ε)
p(y)−2

α uy − bε(x, u
′(x)) + bε(y, u

′(y))−

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 2, C. 93-112

Mat. Trudy, 2026, V. 29, N. 2, P. 93-112



Òåðñåíîâ À.C., Ñà�àðîâ �.×. 107

u(x)|u(x)|m−1 + u(y)|u(y)|m−1 − g(x, u(x), u′(x)) + g(y, u(y), u′(y))−

f(x) + f(y)− (aε(x, ux) + aε(y, uy))C. (3.18)

Ïðåäïîëîæèì, ÷òî â íåêîòîðîé òî÷êå Q1 = (x1, y1) ∈ P �óíêöèÿ W̃ (x, y)
äîñòèãàåò ñâîåãî ïîëîæèòåëüíîãî ìàêñèìóìà. Òîãäà,

W̃x(x1, y1) = W̃y(x1, y1) = 0,

ux(x1) = uy(y1) = −Φ′(x1 − y1), u(y1) > u(x1), LW̃
∣∣∣
Q1

≥ 0.
(3.19)

Ñ äðóãîé ñòîðîíû, èç (1.10),(3.8)�(3.11), (3.18) è ÷åòíîñòè �óíêöèè aε, ïî

àíàëîãèè ñ (3.12) � (3.16), ñëåäóåò

LW̃
∣∣∣
Q1

< 0,

÷òî ïðîòèâîðå÷èò ïîñëåäíåìó ñîîòíîøåíèþ â (3.19), à, ñëåäîâàòåëüíî,

ïðåäïîëîæåíèþ î òîì, ÷òî W̃ äîñòèãàåò ñâîåãî ïîëîæèòåëüíîãî ìàêñè-

ìóìà âíóòðè P .

�àññìîòðèì W̃ íà ∂P .

1. Ïðè x = R, y ∈ [0, R]

W̃ (x, y) |x=R = u(y)− u(R)− Φ(R − y) < 0

òàê êàê Φ(R − y) ≥ H(y) ïðè C ≥ 2M
R(R+2)

.

2. Ïðè x = y èìååì

W̃ (x, y)|x=y = u(y)− u(x)− Φ(x− y)|x=y = −Φ(0) = 0.

3. Ïðè y = 0, x ∈ [0, R], èìååì

W̃y(x, 0) = uy(0) + Φ′(x) = Φ′(x) ≥ C > 0,

÷òî îçíà÷àåò, ÷òî W̃ íå ìîæåò äîñòèãàòü ñâîåãî ïîëîæèòåëüíîãî ìàêñè-

ìóìà è íà ýòîé ÷àñòè ãðàíèöû òîæå. Òàêèì îáðàçîì, W̃ (x, y) ≤ 0, îòêóäà
ñëåäóåò

u(y)− u(x) ≤ Φ(x− y) â P. (3.20)

Èç (3.17) è (3.20) ñëåäóåò |u(x)− u(y)| ≤ Φ(x− y) â P .

Â ñèëó ñèììåòðèè ïåðåìåííûõ x, y, ìîæíî àíàëîãè÷íûì îáðàçîì ðàñ-

ñìàòðèâàòü ñëó÷àé x < y, ÷òîáû ïîëó÷èòü îöåíêó |u(x)−u(y)| ≤ Φ(y−x).
Ñëåäîâàòåëüíî,

|u(x)− u(y)| ≤ Φ(|x− y|) â P .
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Çàìå÷àÿ, ÷òî Φ(0) = 0, ìû ìîæåì ïåðåïèñàòü ïîñëåäíåå íåðàâåíñòâî â

âèäå

|u(x)− u(y)|

|x− y|
≤

Φ(|x− y|)− Φ(0)

|x− y|
,

îòêóäà ñðàçó ñëåäóåò òðåáóåìàÿ îöåíêà ãðàäèåíòà

|u′(x)| ≤ Φ′(0), x ∈ [0, R].

�

Çàìå÷àíèå. Äëÿ ïîëó÷åíèÿ îöåíêè ïðîèçâîäíîé ðåøåíèÿ ìîæíî îñëà-

áèòü òðåáîâàíèÿ íåïðåðûâíîñòè ïî Ëèïøèöó �óíêöèè g ïî ïåðåìåííîé r,

ïîòðåáîâàâ îò g(r, u, u′) òîëüêî ëèøü íåïðåðûâíîñòè ïî ñîâîêóïíîñòè ïå-

ðåìåííûõ è âûïîëíåíèÿ íåñêîëüêî áîëåå îáðåìåíèòåëüíûõ ñòðóêòóðíûõ

óñëîâèé âèäà

g(s, u1, q)− g(r, u2, q) ≤ 0, g(r, u1,−q)− g(s, u2,−q) ≤ 0

Ëåãêî âèäåòü, ÷òî â ýòîì ñëó÷àå äîêàçàòåëüñòâî ëåììû 3.1 çàêàí÷èâàåòñÿ

íà íåðàâåíñòâå (3.12).

� 4. Äîêàçàòåëüñòâî òåîðåì ñóùåñòâîâàíèÿ

�àññìîòðèì ðåøåíèå uε ðåãóëÿðèçîâàííîãî óðàâíåíèÿ

−((u′
ε)

α+ε)
p(r)−2

α u′
ε)

′−
n− 1

r
((u′

ε)
α+ε)

p(r)−2
α u′

ε = uε|uε|
m−1+g(r, uε, u

′
ε)+f(r),

(4.1)

âìåñòå ñ êðàåâûì óñëîâèåì (1.5), êîòîðûå ìû çàïèøåì äëÿ uε

u′
ε(0) = 0, uε(R) = 0. (4.2)

Äëÿ òîãî, ÷òîáû äîêàçàòü ñóùåñòâîâàíèå êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è

(4.1), (4.2) íåîáõîäèìî ïîêàçàòü, ÷òî âûðàæåíèå

n−1
r
((u′

ε)
α+ε)

p(r)−2
α u′

ε îãðà-

íè÷åíî ïðè r → 0. Îáîçíà÷èì ÷åðåç Z(r) = ((u′
ε)

α+ ε)
p(r)−2

α u′
ε. Èìååò ìåñòî

ñëåäóþùàÿ ëåììà.

Ëåììà 4.1. Åñëè uε ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è (4.1),
(4.2), òîãäà Z(r) ∈ C1[0, R) è

Z ′(0) = −
F (0, uε(0), 0)

n
.

Äîêàçàòåëüñòâî ýòîé ëåììû áåç ïðåäâàðèòåëüíîé ðåãóëÿðèçàöèè â ñëó-

÷àå F ≡ 0 ïðèâåäåíî â [14℄. Äëÿ óðàâíåíèÿ âèäà (4.1) ñ ïîñòîÿííûì ïî-

êàçàòåëåì p äîêàçàòåëüñòâî ìîæíî ïîñìîòðåòü â [15℄. Íî ýòî æå ñàìîå

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 2, C. 93-112

Mat. Trudy, 2026, V. 29, N. 2, P. 93-112



Òåðñåíîâ À.C., Ñà�àðîâ �.×. 109

äîêàçàòåëüñòâî, áåç êàêèõ-ëèáî èçìåíåíèé, ìîæåò áûòü èñïîëüçîâàíî è â

ñëó÷àå p = p(r), òàê êàê èñïîëüçóåòñÿ ïðåäñòàâëåíèå ðåãóëÿðèçîâàííîãî

óðàâíåíèÿ â äèâåðãåíòíîì âèäå è ÷ëåí bε(r, u
′
ε) íå âîçíèêàåò.

Ïåðåéäåì ê äîêàçàòåëüñòâó ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ çà-

äà÷è (4.1), (4.2).
Òåîðåìà 4.2. Ïóñòü F (r, uε, u

′
ε) ∈ C ([0, R]× R× R), p(r) ∈ C2(0, R) ∩

C([0, R]), p′ ≤ 0, p′′ ≤ 0 è âûïîëíåíû óñëîâèÿ (1.6), (1.7), (1.11)−(1.14). Òî-
ãäà ñóùåñòâóåò êëàññè÷åñêîå ðåøåíèå çàäà÷è (4.1), (4.2) òàêîå, ÷òî �óíê-
öèÿ u′

ε(r) íåïðåðûâíà ïî Ëèïøèöó íà [0, R) è u(r) óäîâëåòâîðÿåò ñëåäóþ-
ùèì îöåíêàì

|uε| ≤ M0, |u′
ε| ≤ (1 +R)C, r ∈ [0, R],

ãäå M0 èç (1.9), C èç (1.10).
Äîêàçàòåëüñòâî. Èç ëåììû 4.1 âûòåêàåò ðàâíîìåðíàÿ ïî ε îãðàíè÷åí-

íîñòü Z ′
â [0, R) è, êàê ñëåäñòâèå, íåïðåðûâíîñòü ïî Ëèïøèöó �óíêöèè

u′
ε(r) ñ ïîñòîÿííîé Ëèïøèöà, íå çàâèñÿùåé îò ε. Ïîëîæèì

G(r, uε, u
′
ε) = uε|uε|

m−1 + g(r, uε, u
′
ε) + f(r) + bε(r, u

′)

è ïåðåïèøåì (4.1) â âèäå

−aε(u
′
ε)u

′′
ε −

n− 1

r
((u′

ε)
α + ε)

p−2
α u′

ε = G(r, uε, u
′
ε).

Äëÿ ëþáîé z ∈ C
1[0, R] �óíêöèè G(r, z, z′) è aε(r, z

′) ïðèíàäëåæàò C[0, R].
Ïîëîæèì

g(z)(r) =
((z′)α + ε)

p(r)−2
α

aε(r, z′)
=

(z′)α + ε

(p(r)− 1)(z′)α + ε
, G(z)(r) = −

G(r, z, z′)

aε(z′)
.

Çàìåòèì, ÷òî �óíêöèè g(z)(r), G(z)(r) ÿâëÿþòñÿ íåïðåðûâíûìè �óíöèÿìè
íà [0, R].

�àññìîòðèì ëèíåéíîå óðàâíåíèå

u′′
ε +

n− 1

r
g(z)(r)u

′
ε = G(z)(r)

âìåñòå ñ êðàåâûìè óñëîâèÿìè (4.2). Ýòà çàäà÷à ýêâèâàëåíòíà ñëåäóþùåé

u′
ε(r) = V (r), V ′ +

n− 1

r
g(z)(r)V = G(z)(r). (4.3)

Ëåãêî âèäåòü, ÷òî �óíêöèÿ

uε =

∫ r

R

∫ s

0

e−
∫ s

t
n−1
λ

g(z)(λ)dλG(z)(t)dt ds
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äàåò åäèíñòâåííîå ðåøåíèå çàäà÷è (4.3), (4.2) è ïðèíàäëåæèò C
2(0, R) ∩

C
1[0, R]. �åçóëüòàòû ëåìì 2.1, 3.1 è óïîìÿíóòîå âûøå ñëåäñòâèå èç ëåì-

ìû 4.1, ïîçâîëÿþò ïðèìåíèòü ïðèíöèï íåïîäâèæíîé òî÷êè [16℄ äëÿ äîêàçà-

òåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (4.1), (4.2). Ïðèìåíåíèå òåîðåìû
Ëåðý-Øàóäåðà òðåáóåò íàëè÷èÿ àïðèîðíûõ îöåíîê â ñåìåéñòâå óðàâíåíèé

ñ ïàðàìåòðîì, ãäå ïàðàìåòð âõîäèò â óðàâíåíèå êàê ìíîæèòåëü ïðè ìëàä-

øèõ ÷ëåíàõ, ò.å. ñåìåéñòâî èìååò âèä

−aε(r, u
′
ε)u

′′
ε = σ

(
n− 1

r
(u′α

ε + ε)
p(r)−2

α u′
ε +G(r, uε, u

′
ε)

)
,

ãäå σ ∈ [0, 1] [16℄, �ë. 11, òåîðåìà 11.3 . Ó÷èòûâàÿ ñïåöè�èêó âõîæäåíèÿ

ïàðàìåòðà σ è åãî ïðåäåëû èçìåíåíèÿ, âûïîëíåíèå âñåõ îöåíîê è óñëîâèé

ëåãêî ìîæíî ïðîâåðèòü. Òåîðåìà äîêàçàíà. �

Äîêàçàòåëüñòâî Òåîðåìû 1.2. �àññìîòðèì óðàâíåíèå (4.1). Äîìíîæàÿ
(4.1) íà φ ∈ C∞

0 (0, R) è èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì

∫ R

0

((u′
ε)

α + ε)
p(r)−2

α u′
εφ

′ dr −

∫ R

0

n− 1

r
((u′

ε)
α + ε)

p(r)−2
α u′

εφ dr =

∫ R

0

F (r, uε, u
′
ε)φ(r)dr. (4.4)

Èç Ëåìì 2.1, 3.1, 4.1 âûòåêàåò ñóùåñòâîâàíèå ïîäïîñëåäîâàòåëüíîñòè εn →
0 òàêîé, ÷òî

uεn(r) → u(r), u′
εn
(r) → u′(r) â C[0, R], (4.5)

îòêóäà, â ñèëó íåïðåðûâíîñòè �óíêöèè F ïî ñîâîêóïíîñòè ñâîèõ ïåðåìåí-

íûõ, ñðàçó ñëåäóåò

F (r, uεn, u
′
εn
) → F (r, u, u′) â C[0, R].

Òàêæå èç (4.5) ìû ïîëó÷àåì

(
u′
εn

)α
+ εn → (u′)

α
â C[0, R],

((
u′
εn

)α
+ εn

)p(r)−2
α u′

εn
→ |u′|

p(r)−2
u′

â C[0, R]. (4.6)

Èç (4.6) è òîãî �àêòà, ÷òî �óíêöèÿ φ(r)
r

íåïðåðûâíà íà [0, R] âûòåêàåò, ÷òî

R∫

0

n− 1

r

((
u′
εn

)α
+ εn

) p(r)−2
α u′

εn
φ dr →

R∫

0

n− 1

r
|u′|

p(r)−2
u′φ dr.
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Ó÷èòûâàÿ ðàâíîìåðíóþ ïî ε îãðàíè÷åííîñòü Z ′
â [0, R) è, êàê ñëåäñòâèå,

íåïðåðûâíîñòü ïî Ëèïøèöó �óíêöèè u′
ε(r) ñ ïîñòîÿííîé Ëèïøèöà, íå

çàâèñÿùåé îò ε, ïåðåõîäÿ ê ïðåäåëó â (4.4) ïðè ε → 0, ïîëó÷àåì, ÷òî
u = limε→0 uε ÿâëÿåòñÿ èñêîìûì ñëàáûì ðàäèàëüíî-ñèììåòðè÷íûì ðåøå-

íèåì çàäà÷è (1.4), (1.5).
�
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